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Q1 Optimal Decoder for Communication over BSC

Friday, September 12, 2014 11:48 AM

In this csuu‘Hon, p=0.25 and r:y:o.'fs'

0.65
(o]

s

(o]
o33

0.5§% 1 A
Pa 0.6S

First we -F'.-\J the Q wmeatvix

Po=0-4S

N o 1
21 0.6S 0.95%5
& =
1] 0.3%

P_-.[P[x:o-_] P[_x=1]]
=Lpe f,]-[o.'ts 0.55]

0.65

ond tre vow vector F‘

To ﬁo'\' motrs x P’ we S:Mf\/ scale cach row of matrix (]
by the cor'csrow\:nj plee) :

N o 1 0.5 N o 1
2| 0.65 0.95 +——— ©9)0.2925 0.157?5 p
1103% 0.65 +——> 1 ]0.1925 0.5 7?5
~ x0.565
Recall that _%= r_G,_

0.65 0.3%

For this OGU".HW" %=[o.'1$ 0.55][ }:[a.ws‘ 0.51‘3]

0.35 0.65

the
we thore resulfs.

This same Yable olone with all the answervs ave shown ia
leckure notes. For +his
Those who wart wore explanation on  the derivation of vesults
can bake a look af +he solukion for the BAC one which is

wove gf_ncrul thon the BSC case lnere.

%U‘J'\';Oﬂ’ we wil\ s!mf‘/

wty) [ plx=olx=0]| p[R=11x=1] | P(C) P(&)
’4 1-p =0.65 -p= 0.65 1-r = 0.65 p = 0.36
1=y p =0.35 p =0.35 p =035 1-p=0.65
1 o 1 1-po = 0.55 Pe =045
o 1 o Po = 0.45 1-P,= 0-55

(¢)

The MAP detecror i crﬁmn‘. So, me can s'.mp\/v Com pauve P(e) values.

From Far‘\' La), +hre or+;~\u\ Ac'i‘u.'\'ov is 2L7)=7 becauvse i+
hey the lonest P(E).

There -Fo re,

A
xMA 4

) =)/ ond  the CDfIlSronA:nj P(g)=o0.3%

(f) From the & motrix, we select the moximum in each colomn:

N o 1

olrm cen

" ae

So

4

1

A
bl Rl 2

E.csu'. vole v\‘\'b/J
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From r-r'\' L&), we lknow thoat

So, bd Qm_()’) E.csu'.va\sn‘\'y)

°© o L 2.
A /‘1

Corves ponding o

of the selected

valve ia each colomn,

(o]

vﬁ\ul

The detector 2()0'—7’ has P(g)=0.35.
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Q2 Optimal Decoder for Communication over DMC

Friday, September 12, 2014 10:48 W 9 2 3
1 0.9 0.2 O.3
P Lo z,o.ur,o.-r] 6= 2| 03 04 0.3
3Lo.2 0.2 0.6
(@ We can get the P motrix by scoling each rom of the Q matrix
L)' the covluranan'-\j rr'.of Fvo'o&.b'-\i'\'/ let.).
Thur_-(:ore,

The convention for our clos s that thae numbers ove ordeced in the same way

/ \'\{m they are specified i ¥he support.

N o2 N1t 2 3
]
0.5 0.2 0.3 “lo10 0.0 0.06
0.2 0.4 03-_’_‘%1 0.12 0.16 012 =F
0.2 0.2 0.6 +22">3]p.08 0.08 o.2%
(b We can ﬂ‘* -1 s‘w-‘n\/ L/ “ﬂ’lf;"j tre -Fw-nu‘o. Q= ng

In this quetion, we have

(.5 ©0.2 0.3
=|'_o-z O« o_.,] ©.3 0.4 0.3 :[0.3 0.2% o.*n_}
0.2 0.2 o0.@
(¢) Naive Decoder - :‘N..'.v. ) =y
N ! > * x0.2 N ) 2 3
1{ 0.5 02 o.slr————-#‘| 0.om 0.06
0= 2| 0.3 0.4 0.34+2213 2012 oaz2 |=F
3Lo0.2 0.2 0.6 422" 33]|p0.08 o0.08
For naive Ju.oderl look ot each column of P
and selcet the the elemeat whose cawupndh\,
x volue is the same 0 b4 in that column.
P(C) = 0:10+0.1b+0 2% =0.5
P(e)=1-P(C) =1-0.5= 0.5
xly)
(a) DIY decoder : ¢ Dx\{gy}:ﬁ—, = Decodes Yable : 3 3
2 2
3 1
N ! > * xo0-2 N ! 2 3
1{ 0.5 o2 o.slr_-——-e" 010 0.04%
= 2| 0.3 o4 0.3+2213 2012 oaz |=F

3

0.2 0-2 ©0-6

4202 55 0.08 o0.24

For DLY de coaerl

look ot each colomn of P

and select the

. volue is the same  0) &Ly) 1A e decodes ‘eble,

+he element whose cbffurond:n
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P(C) =0.08+ 0.16+0.06 = 0.30

P(&)=1-0.30=0.70
(¢) MAP Decoder -

Novoo2o3 N 2 3
1{0.5 0.2 0.3 *Jo10 v.oq o0.0b

0= 2| 03 04 0.3+ o042 |=F
3Lo0.2 0.2 0.6 +22"53]0.05 o0.08

For MAF JGLOAC" look al.+ each co\umn D‘F P
and select the elemeat with max velue.

The decodes Yable can be read

Lrom tre celected volues s'\mrl/
by '('IIAJ:ﬂS the correspondia

P(C) = 012+0.1LY0.2%4 =0.52

P(&)‘ 1- P(G) =1-0.52 'O-“’g

»
value: j
A
/ \ xMArly)
1 2
2 2
3 3

()[) ML Decoder:

For ML clecoclu, look ot ecach column ot (&%

ond select the element Loith max valve

/A The clements selecYed 1~ tre P
A motrix owve s'm\f\/ those ‘gnufoo\dio\J
/ I 2w b)) Yo Paa'-f'wm selected ia the Q0
1 1 matriX.
2 2
a 3 P(C) =010+ 0.16+ 0. 24 = 0.50

P(&) =1-P(C) =1-0.5 =0.5

I ‘Fad, wd know thatr P(E) should
be 0.5 witlhout +w calcvlation
becawie :t":_t7) tvrns oot o be

the some o)y e naive decoder which we colculated P(E) =0.5.
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Q3 MATLAB Simulation of the system in Q2

Saturday, September 13, 2014 11:44 PM

% MATLAB Script for Q3 of HW2 for ECS 452
% By Asst. Prof. Dr. Prapun Suksompong.

close all; clear all;
tic

load HW DMC Channel Data

%% Statistical Analysis
n = length (x);

% Part
(c) —==77==——— """ ———
% The probability wvalues for the channel inputs
p X sim = hist(x,S_X)/n % Relative frequencies from the simulation
% Part
(d) ———==— ==
% The channel transition probabilities from the simulation
Q sim = [];
for k = l:length(S X)
I = find(x==S X(k)); LI = length(I);
rel freq Xk = LI/n;
yc = y(I);
cond rel freq = hist(yc,S Y)/LI; Q sim = [Q sim; cond rel freq];
end
Q sim % Relative frequencies from the simulation

<
)
'_l
3
)
Il
l"O
|1><
)
'_l.
3
>*
lIO
)
'_l.
3

% Naive Decoder
x hat = y;
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f.i) ----- - - - - --"-""--"pb""—_———————
% Error Probability
PE sim Naive = l-sum(x==x hat)/n % Error probability from the simulation
% Part
(f.i14) - -
% Calculation of the theoretical error probability
PC = 0;

for k = 1:length (S X)
t = S X(k);
i = find(S Y == t);
if length(i) ==
PC = PC+ p X(k)*Q(k,1);
end
end
PE theoretical Naive

Il
'_\
|
o
@

MAP Decoder

P = diag(p X)*Q; % Weight the channel transition probability by the
% corresponding prior probability.

[V I] = max(P); % For I, the default MATLAB behavior is

that when there are multiple max, the
% index of the first one is returned.

Decoder Table MAP = S X(I) % The decoded values corresponding to the

% received Y

o\

% Part
(gol) ———=—====——=——— ==
% Decode according to the decoder table
x _hat = y; % preallocation
for k = 1l:length(S_Y)
I = (y==5_Y(k));
x _hat (I) = Decoder Table MAP (k) ;
end
PE sim MAP = l—sum(x==x_hat)/n % Error probability from the simulation
% Part
(g.ii) - - -

[e)

% Calculation of the theoretical error probability
Decoder Table = Decoder Table MAP;

PC = 0;

for k = l:length(S X)

I (Decoder Table == S X(k));

Q row = Q(k,:);

PC = PC+ p X (k) *sum(Q row(I));

end

PE theoretical MAP = 1-PC

% Part

(h) ===
%% ML Decoder

[V I] = max(Q); % For I, the default MATLAB behavior is

o\

that when there are multiple max, the
% index of the first one is returned.

Q

Decoder Table ML = S X(I) % The decoded values corresponding to the
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o)

% received Y
% Decode according to the decoder table

x _hat = y; % preallocation
for k = l:length(S Y)
I = (y==S_Y(k));
x hat (I) = Decoder Table ML (k) ;
end
% Part
(h.i) - - - -
PE sim ML = l-sum(x==x hat)/n % Error probability from the simulation
% Part
(h.i1i) ----— -

% Calculation of the theoretical error probability

Decoder Table = Decoder Table ML;

PC = 0;

for k
I
Q row = Q(k,:);
PC = PC+ p X (k) *sum(Q row(I));

end

PE theoretical ML = 1-PC

1:length (S X)
(Decoder Table == S X(k));

toc

Results in the command window:
>>HW_DMC_Channel_Estimation_2

() s X=
X={1 2 3}
(b) sy-=
z={1 2 3}
(c) p_X_sim=
£={0.2004, 0.4002, 0.3994]
(cl) Q_sim =

0.4988 0.2012 0.3000
(X =|0.3002 0.4000 0.2998
0.2000 0.2003 0.5997
te) p_Y_ sim=
o =[0.3000, 0.2804 0.4196)
p_Y_sim2=
g5=[0.3000, 0.2804, 0.4196)
(#) PE_sim_Naive =
P (Enacve) = 0.5004
PE_theoretical_Naive =

P (Esuive )=0.5004 .
(s) Decoder Table MAP= Y | *nae'y)
—_— 1 2
2 2 3 > 11z
PE_sim_MAP = a a

P(€ 0= 0.4802
PE_theoretical _MAP =

al e Yen n0NnN
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P(€,1ae)= 0.4802
PE_theoretical MAP =
P(Emar) 0.4802
(w») Decoder_Table_ML =
1 2 3 @ —
PE_sim_ML=
P ,,)=0.5004
PE_theoretical_ ML=
Plea.)=0.5004
Elapsed time is 0.410464 seconds.
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Q4 Optimal Decoder for Communication over BAC

Friday, September 12, 2014 2:23 PM

For this vertion, we will first Yvy to derive the Onswer in a

3;0\8?&\
form. So, we will start with G10) = &t ond Qlol1) =0.

After sgnud ggfru.\'nch s A‘f'wg_dJ we r\ua—"n o{sb.'}‘l/égo_s;' F°= o.4%

1-R 0.¢5

(® Plx=e]z2p, © o P[x=e]=04 o o
v} O3
0-2
PIxz4]=1- 1 1 s 20. 1
Ixed=1- o ixedsob 1 _
(v N o 1
ol 1-» oL
First we -F'md the Q wmeatrix Q= :
1 A 1L
To 3@1‘ matri x P, we S:Mf\/ scale cach row of matrix Q
b)a the corfcsronc!:na r(u):
A)' o 2 X Po a.\( o 1
o‘:—u * 3> ° Ll’a(“-ou Pock i\
Q= =P
1 -8 44— 1 (1-p0) - -
y-! £ - v P (1-PU1-po)
For this asuu\"-on,
:\7 o 4 x0. 4 N o 1
o010.65 0.3% 1F—-——$ (o4 0.-20C O.1%
-1{0-55 o-HSJ——) 1 ©.2% 0.2% -F
“%p. b

(c) Recall that K = ,:_G.

For twis que s¥Fion,

pe[re 1) = [0 o.c].

 0.26

There 'Fuﬂ. >

(A‘) Filﬁ‘ we

We want Yo

% = [_o-*r o.s]

L

consider the evenys

velete these events

0.%>

A
X =0

0.1 - [0-5‘1 O-"H]
0.23
anJ ; =1.

Yo the RV Y.

Reaced les
"ﬂ +re value

S | [220] [£e1]
)4 [‘f:o]t—;’wo $F Y=o [‘fs1]4—§=1 Hovet
1=y X =1]e— xs0 ¥ y=1 Y gole-;\(:q W Yeo
1 < R4 Se, it tamast =0 ) « %=1, It always =1,
o L « Xzo. Itolsn=0 e %20 %o W ton mrt 24

Wirh the
P v °‘°u¥‘l\ 3 \
tre corre

A
2ty

ve relationship, we can
PlR=0)x=0] and P[
-\J'n-\s Y-cvents ecbove.

L§=o\x=0‘_\

|

w 'Fi'\d the cund'ﬂ\';ona\

°+Y

=1\x=1] b/ rluaains in

\
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¥re corre nJ'.-\s Y-cvents above.
;\cLyj [;(:o\x=o]

Fino-“» we \f\e-vf.

A\

F[_)A<=1lx=1]
y \i"g{:o\x =0]) =QL°‘°)=1-K\P¥::=”$=1]"'GUH\'1—/5
1=y Pl ¥=1lx =0] =10 = PLY z0lx=1] =@(0}1) =4
1 @) =0 %)-1
o Q) =1 P(&B) =0

Total f..LaL'.\'d/ Yreorem (23 Pad-:ﬁ,y\gd L) Yhre evewds Lx-u-_])

P(C) = PL£=X1 ‘-'/Z.‘ f[)hc =x\x=g] plx=«]

=2 F[Qae\x-.:] plee)
 J

=PL§=O\X=°19L°J * FL§=1\x=1:| Pl
o D

Po 1= Lo
Tkeu'con_‘
;CL)‘) P[i zo)xz=0] P[£=1\x=1:_l P(C) |P[a)
Y |1-o \-p (1-00) Po + (18 (1~ fo )| A Po +/2(1- o)
=y |~ ~ CtPo v £ (1-f5) (1-R)pot (100 (1=1s)
1 o 1 1"?0 °
o |1 o Po 1-fo
ﬂuga‘ms N ote0.35, 8:0.55,p,c0.4 , we have
© Pl X =0l x=0T|p[R=11x=1]] P(E) lp e
Y |0.65 o4us 0.%3 o.x3
1=y .35 0-55 0.9 0.51%
4 © 1 0.6o 0.40
o |1 (o] 0-40 0.60

(&) The MAP detector i oprimal. So, we can S:MP‘/V com pace P(&) values.

From Far+ (_d)) the or‘\':ﬂ\a\ Ac'\'ac‘\'o' is 2(/)'51

hes the lowest P(E).

There -Fo e,

Rnar )=

becauvse i+

ond  the ccrnsrenA:nJ P(e)=o.'1-o

Al-\-uno'\-lvsbr, we can olso J:ud'l)w -(:.'-\J e MAP detector {-o\lo\u'.q5

our vecige ducused in cless:

N o 1

o0l0.65 0.3§
110:56

o445

x0. 4 o

For

~

]: XS }
x0. b L P(C)= ©.33+0.2?
each column sefect the

[
0.20C O.1¢

F

= 0-60

max volue ond find  the Pled=1-P(C)
Coﬂufoaa'-'\s P -valu:) = 0.40
PN
y | en )
© 1
1 1
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(A) From the & ma'\'v'.xl we select the moximum ia cach column:

A’ (7] 9 SOJ 7 2 Mo L’) E.c‘u-| Vﬁ\‘ﬁ‘\'y)
o|(o. sf) 0.5 A
[ (o] acm._()l) =/.

0.5 (0.45 A /‘1
4

Cnf{hf"'\Ain o
valve of theselected

valve ia each column,

1

From port (3), we know thot The detector £L7)=/ has P(g)=0.4%
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